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Abstract: We consider an extended model of DBI massive gravity by generalizing the
fiducial metric to be an induced metric on the brane corresponding to a domain wall moving
in five-dimensional Schwarzschild-Anti-de Sitter spacetime. The model admits all solutions
of FLRW metric including flat, closed and open geometries while the original one does not.
The background solutions can be divided into two branches namely self-accelerating branch
and normal branch. For the self-accelerating branch, the graviton mass plays the role of
cosmological constant to drive the late-time acceleration of the universe. It is found that
the number degrees of freedom of gravitational sector is not correct similar to the original
DBI massive gravity. There are only two propagating degrees of freedom from tensor
modes. For normal branch, we restrict our attention to a particular class of the solutions
which provides an accelerated expansion of the universe. It is found that the number of
degrees of freedom in the model is correct. However, at least one of them is ghost degree
of freedom which always present at small scale implying that the theory is not stable.
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1 Introduction
Massive gravity is a theory of a massive spin-2 graviton, a generalization from the Ein-
stein gravity which corresponds to the massless graviton. The linearized massive gravity
was constructed by Fierz and Pauli [1] by adding an interaction term into the linearlized
Einstein-Hilbert action. However, the Fierz-Pauli theory suffers from the disagreement
between the predictions made from the massless limit of the theory and those made from
the general relativity, which was proposed by van Dam, Veltman, and Zakharov (known
as vDVZ discontinuity) [2, 3]. The solution to the discontinuity was clarified by Vain-
shtein [4], that the linear approximation breaks down for the massless limit of the theory
and then such discontinuity can be lifted in non-linear theory of massive gravity. The cost
of the non-linear generalization is the existence of the ghostly sixth degree of freedom, the
Boulware-Deser (BD) ghost [5]. The ghost free generalization of massive gravity, the so-
called dRGT massive gravity, was successfully constructed by de Rham, Gabadadze, and
Tolley [6, 7] which the suitable interaction terms are chosen such that there exists no BD
ghost in the theory.
In order to investigate the cosmological implication of the dRGT massive gravity, it is
convenient to use the Friedman-Lemaˆıtre-Robertson-Walker (FLRW) metric as the physical
metric. It was found that the dRGT massive gravity does not admit flat and closed FLRW
solution [8, 9] while the self-accelerating open FLRW solutions were found in [9]. A more
general issue on the model was investigated by replacing the Minkowski fiducial metric
with a de Sitter or FLRW fiducial metric [10–13]. It was found that the model admits not
only open but also flat and closed FLRW solutions and one of the solutions provides the
self-accelerating expansion of the late-time universe.
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Although the dRGT theory succeeds in providing the self-accelerating solution for the
universe, the number of propagating degrees of freedom in the theory is not correct for
the cosmological solution. Basically in four-dimensional spacetime, there are 5 degrees of
freedom for the massive gravity while there are only 2 propagating degrees of freedom if
the cosmological Friedman-Lemaitre-Robertson-Walker (FLRW) solution is assumed [13].
Moreover, De Felice, Gumrukcuoglu and Mukohyama [14] found that in the FLRW limit of
the anisotropic solutions of the dRGT massive gravity, there is a non-BD ghost instability.
This suggests the motivation for modifications on the dRGT massive gravity in order to
cover the viable cosmological solutions.
One of possibilities to obtain a viable cosmological model of massive gravity is that,
one may generalize the dRGT theory by breaking the isotropy and study the anisotropic
solution [15, 16]. An alternative possibility can be obtained by introducing new degrees of
freedom along with its coupling to the massive graviton. For example, one can promote the
graviton mass to be a function of an extra scalar field, the so-called mass-varying massive
gravity [17]. One can also multiply a fiducial metric with the conformal factor depending
on an extra scalar field [18]. The action of this extended dRGT massive gravity is invariant
under quasidilaton global symmetry and then known as the quasidilaton dRGT massive
gravity. Unfortunately, It was found that the self-accelerating solutions of the model are
always plagued by ghost instability [19, 20]. Thus, the quasidilaton massive gravity is
further extended in order to avoid the ghost instability by introducing a coupling between
the quasidilaton scalar field and Stu¨ckelberg fields while the quasidilaton symmetry is still
preserved [21–23]. It was also found that this extension can provide the correct number of
degrees of freedom in the theory. It also was found that the effect of gravitational wave
in quasidilaton massive gravity can be made larger than the Hubble parameter leading
to an explanation of the suppression of the power spectrum in cosmic microwave back-
ground [24]. Recently, another possible way to obtain viable model of massive gravity
is that the extension of dRGT massive gravity by introducing nontrivial coupling to the
matter field [25, 26].
Another interesting extended massive gravity theory is Dirac-Born-Infeld (DBI) mas-
sive gravity [27]. This extension is obtained by introducing DBI scalar field into the theory
through the coupling term in such a way that the scalar possesses generalized Galileon
shift symmetries [28]. Like original dRGT massive gravity, it was shown that the model
does not admit flat and closed FLRW solutions as well as the number of degrees of freedom
is still not correct [29]. This may occur from using the Minkowski fiducial metric. Sim-
ilarly to the original dRGT massive gravity, one may consider the generalized version of
the fiducial metric in order to obtain the solutions which admit the flat and closed FLRW
universe. Since the flat Minkowski fiducial metric in DBI massive gravity is motivated
from the induced metric from brane world scenario, it is worthwhile to put a more general
induced metric in consideration. In this work, we consider the extended dRGT massive
gravity in which the fiducial metric is obtained from the induced metric of the brane moving
in five-dimensional Schwarzschild-Anti-de-Sitter (Schwarzschild-AdS) spacetime [30]. It is
found that the model not only admits the open but also flat and closed FLRW universe.
The background solutions can be divided into two branches; a self-accelerating branch and
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normal branch. For the self-accelerating branch, the graviton mass will play the role of
cosmological constant to drive the late-time expansion of the universe. For the normal
branch, the general solutions are complicated and it is not easy to obtain the analytical
solutions. To extract some information of this branch, we consider a specific class of the
solutions and found that they can also provide the late-time expansion of the universe.
The cosmological perturbations of the model are expanded around these background solu-
tions. The results of cosmological perturbations in flat FLRW universe is that there are
no ghost in the linear level while the number degree of freedom is still not correct in the
self-accelerating branch. For the normal branch, there has the correct number of degrees
of freedom but the ghost instability always presents in the theory, at least at small scale.
This problem may be alleviated by introducing the coupling term similar to one in the
generalized quasidilaton massive gravity.
The paper is organized as follows: in section 2, we present the setup of the model and
find the background solutions. In section 3 the cosmological perturbations are analyzed in
order to find whether the number of the degrees of freedom in the theory is correct and
whether there is a ghost among them. Finally, we summarize the results in section 4.
2 The model and the background equations
In this section, we will consider dRGT massive gravity including DBI Galileon term as
follows
S = SdRGT + SDBI,
=
M2Pl
2
ˆ
d4x
√−g [R[g] + 2m2g(L2[g, g¯] + α3L3[g, g¯] + α4L4[g, g¯])]
−Λ4
ˆ
d4x
√−g¯, (2.1)
where gµν is the physical metric which defines the measurement on the spacetime and
g¯µν is the fiducial metric introduced to construct nontrivial nonlinear interaction terms in
massive gravity. The first term in the action, the Einstein-Hilbert term corresponds to
the Einstein’s general relativity. The second term is the interaction terms or mass terms,
involving both the physical and the fiducial metric, characterized by 3 parameters; mg,
α3, α4, where mg can be interpreted as a mass of graviton. The interaction terms are
constructed, to avoid BD ghost, as follow [7],
L2[g, g¯] = 1
2
(
[K]2 − [K2]) , (2.2)
L3[g, g¯] = 1
3!
(
[K]3 − 3[K][K2] + 2[K3]) , (2.3)
L4[g, g¯] = 1
4!
(
[K]4 − 6[K]2[K2] + 3[K2]2 + 8[K][K3]− 6[K4]) , (2.4)
where the square bracket denotes the trace operation with respect to the physical metric
and the building-block tensor is defined as
Kµν = δµν −
(√
g−1g¯
)µ
ν
. (2.5)
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The square root denotes the tensor which upon being squared equals the (g−1g¯)µν . More-
over, the fiducial metric g¯µν is an induced metric from the five-dimensional fiducial met-
ric g˜AB,
g¯µν = ∂µX
A∂νX
B g˜AB, (2.6)
where all of XA = (ϕ0, ϕ1, ϕ2, ϕ3, X5), the so-called Stu¨ckelberg fields, transform as scalars
introduced to restore general covariance of the theory. Lastly, the last and extension term is
a leading order term of the action which is invariant under the Galileon shift transformation,
also known as DBI action, where Λ is interpreted as a tension on the brane.
For the physical metric, we will consider the Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) metric,
ds2 = −N2(t)dt2 + a2(t)Ωij(xk)dxidxj . (2.7)
Here, the latin indices run over all the spatial indices; 1, 2, and 3. The 3-dimensional tensor
Ωij is a 3-space metric defined by
Ωij(ϕ
k) = δij +
κδilδjmϕ
lϕm
1− κδlmϕlϕm . (2.8)
Here, the curvature of the 3-space is defined by the value of κ where the closed, flat, and
open geometry correspond to κ being positive, zero, and negative respectively.
The dRGT massive gravity with flat Minkowski fiducial metric including DBI Galileon
term have been investigated in [27–29]. It was shown that the model does not admit flat
and closed FLRW solutions as well as the number of degrees of freedom is still not correct.
These behaviors are similar to the dRGT massive gravity. In order to obtain the flat and
closed FLRW solutions, one may generalize the fiducial metric from the Minkowski one.
The generalizations in order to obtain the flat and closed FLRW solutions in dRGT massive
gravity were investigated by using both FLRW and de Sitter fiducial metric [10–13]. For
the DBI massive gravity model, the fiducial metric can be interpreted as an induced metric
in the brane world scenario. In order to generalize the fiducial metric to obtain the closed
and flat solutions for the DBI massive gravity, we consider the form of the fiducial metric,
g˜AB, which corresponds to a domain wall moving in five-dimensional Schwarzshild-AdS
spacetime [30],
ds2 = −f(X5)dT 2 + (X5)2Ωij(ϕk)dϕidϕj + 1
f(X5)
(dX5)2, (2.9)
where
f(X5) = κ− µ
(X5)2
+
(X5)2
l2
, (2.10)
and κ, µ as well as l are parameters of the model. The parameter κ characterizes the three-
dimensional surface corresponding to sphere for κ = +1 for plane for κ = 0 and hyperboloid
for κ = −1. The parameter l characterizes the curvature of the bulk spacetime and the
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parameter µ characterizes the radius of a black hole in five-dimensional spacetime. Note
that all parameters as well as X5 are dimensionless. In order to compare this fiducial
metric to the physical one, it is convenient to rescale X5 to be φλ where λ is a parameter
which has mass dimension. Then, the fiducial metric can be rewritten as
g¯µν = −f(φ)∂µϕ0∂νϕ0 + λ2φ2Ωij(ϕk)∂µϕi∂νϕj + 1
f(φ)
∂µφ∂νφ, (2.11)
where
f(φ) =
f(X5)
λ2
=
κ
λ2
− µ
λ4φ2
+
φ2
l2
. (2.12)
Note that ϕµ are Stu¨ckelberg fields and φ is an extra physical field. It is important to
note that the additional scalar degree of freedom φ is distinguish from the BD scalar since
the BD scalar is always eliminated by construction of the mass terms. With general form
of the fiducial metric, it was also shown that the BD ghost is not presented by using the
Hamiltonian formulation [31] even though the fiducial metric involves derivatives of the
scalar field [32]. For the Lagrangian formulation, by using the fiducial metric to be in the
flat FLRW form, the scalar mode corresponding to the BD scalar is also eliminated [14]. In
this work, the elimination of a scalar mode corresponding to the BD scalar will be discussed
in section 3.3.
In the brane point of view, this metric g¯µν plays the role of the induced metric on
the brane. By using this ansatz and unitary gauge, ϕ0 = t and ϕi = xi, the dRGT action
in (2.1) can be expressed as
SdRGT = 3M
2
Pl
ˆ
d4x
√
Ω a3N
((
κ
a2
−
(
a˙
Na
)2)
+m2g
(
F (X)−G(X) n
N
))
, (2.13a)
SDBI = −3M2Plm2gαΛ
ˆ
d4x
√
Ω a3N X3
n
N
, (2.13b)
where Ω denotes the determinant of Ωij(x
k) and
F (X) = (1−X) (2−X) + α3
3
(1−X)2 (4−X) + α4
3
(1−X)3 , (2.14a)
G(X) = (1−X) + α3 (1−X)2 + α4
3
(1−X)3 , (2.14b)
and we have defined
X ≡ λφ
a
, n ≡
√
f(φ)− φ˙
2
f(φ)
, αΛ ≡ Λ
4
3M2Plm
2
g
. (2.15)
In order to obtain the equations of motion, one can vary the action in eqs. (2.13a)
and (2.13b) with respect to N and a. By varying the action with respect to N , we obtain
3M2Pl
(
H2 +
κ
a2
)
= ρg ≡ −3M2Plm2gF. (2.16)
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From this equation, one can see that the effective energy density, ρg, contributed from
graviton mass is dependent on time through the function F and it vanishes when m2g = 0
or X = 1. Varying the action with respect to a, the equation of motion can be written as
M2Pl
(
2H˙
N
+ 3H2 +
κ
a2
)
= −Pg ≡ −3M2Plm2g
(
F − XF
′
3
(1− r)
)
. (2.17)
where
H ≡ a˙
aN
, r ≡ n
NX
. (2.18)
By considering the definition of ρg in eq. (2.16) and the effective pressure contributed from
gravitational mass, Pg in eq. (2.17), the solutions for accelerated expansion of the universe,
ρg = −Pg, can be obtained by F ′(1 − r) = 0. We will see below that F ′ = 0 corresponds
to the solutions in self-accelerating branch and r = 1 corresponds to a particular class of
normal branch.
For the equation of motion corresponding to variation of the action with respect to the
Struckelberg fields, we will use the method investigated in [13] by expanding the action up
to the linear order in δϕµ ≡ piµ and δφ ≡ pi5 without variation of the physical metric. As
a result, the first order perturbation of the action can be written as
δS = 3M2Plm
2
g
ˆ
d4x
√
Ωa3N
[
J pi5 − nF ′ (H −XHφ)pi0
]
, (2.19)
where
J ≡ a
3
φn
((
G+ αΛX
3
) (
6f3 + φf2f ′ − 3φφ˙2f ′ + f(2φφ¨− 6φ˙2))
2fn2
+
(
f −NnX
(
1 +
aHφHφ
λf
))
F ′
)
, (2.20)
Hφ ≡ φ˙
φn
. (2.21)
Therefore, the equations of motion can be written as
J = 0,
F ′ (H −XHφ) = 0. (2.22)
Now we have four equations of motion and we have three variables; a,N and φ. However,
four of them are not mutually independent due to the Bianchi identity corresponding to
the conservation equation. This constraint can be written as
a˙
δS
δa
−N d
dt
(
δS
δN
)
+ φ˙
δS
δφ
− d
dt
(
f
n
δS
δn
)
= 0. (2.23)
From eq. (2.22), one can classify the solutions into two branches. The first branch corre-
sponds to F ′ = 0 and the second branch corresponds to (H − XHφ) = 0. For the first
branch, the equation can be expressed as
F ′ = (−3 + 2X)− α3(1−X)(3−X)− α4(1−X)2 = 0. (2.24)
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Solving this equation, one obtains
λφ = X±a, where X± =
1 + 2α3 + α4 ±
√
1 + α3 + α23 − α4
α3 + α4
, (2.25)
which correspond to self-accelerating solutions since they provide
ρg = −Pg = M2PlΛ±
= − m
2
gM
2
Pl
(α3 + α4)2
(
(1 + α3)(2 + α3 + 2α
2
3 − 3α4)± 2(1 + α3 + α23 − α4)3/2
)
. (2.26)
This branch of solutions are of the same expression with those from the dRGT massive
gravity model with FLRW fiducial metric [13]. Note that the DBI scalar field has no
contribution in this self-accelerating branch which should not be so surprising since such
contribution to the gravity sector must be introduced via the minimal coupling between
the scalar and the massive graviton like in the mass-varying massive gravity [17] or the
quasi-dilaton massive gravity [18]. Note that the solutions we have so far are valid for any
kind of geometry; κ can be set to any value while the setup studied in ref. [29] and in the
pure dRGT theory [9, 13] allows only the open slicing of the FLRW geometry.
Considering the self-accelerating branch, one can substitute the self-accelerating condi-
tion, F ′ = 0, into eq. (2.22) and then redefine variable as φ˙2 = ψ(φ). As a result, eq. (2.22)
becomes
ψ′ −
(
3
f ′
f
+
6
φ
)
ψ + f2
(
f ′
f
+
6
φ
)
= 0. (2.27)
The solution for this linear differential equation is
φ˙2 = ψ = f2 −
(
φ
φ0
)6
f3, (2.28)
where φ0 is an integration constant. From this solution, we can find the relation of the
lapse function in terms of the DBI scalar field by using eq. (2.16) as follows
N2 =
3λ2(
λ2φ2Λ± − 3κX2±
)(f2 − ( φ
φ0
)6
f3
)
. (2.29)
Moreover, we can investigate the possible interval of the DBI scalar by considering φ˙2 > 0.
Its interval is determined by λ, µ, l, κ and φ0. In case of the flat universe, it can be written
in the simple form as
0 < φ <
b1/2
21/4
1 +√1 + 4λ4φ60
µ
1/4 , (2.30)
where b =
√
µl2/λ4. From eq. (2.28), one can see that the fixed points of the system are
f = 0 and f = (φ0/φ)
6. The scalar field will evolve to the points φ2 = 0 or φ2 = b for the
fixed point f = 0. For the fixed point f = (φ0/φ)
6, the scalar field will evolve to the points
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φ2 = b√
2
(
1±
√
1 + (4λ4φ60)/µ
)1/2
. For the self-accelerating branch, it seems like that the
dynamics of the universe is not controlled by the property of the fiducial metric since the
Hubble parameter H is always constant and does not depend on function f . In other words,
no matter how the scalar field φ evolves, the Hubble parameter H is always constant.
For the second branch, namely normal branch, the equations of motion are very com-
plicated. However, we can restrict our attention to a particular class of the solutions which
simplifies the calculation while still provide the significant result of the system. The char-
acteristic equation of this branch is H −XHφ = 0, so that we obtain X = H/Hφ. From
eq. (2.22), we choose the solution such that G + αΛX
3 = 0 to simplify the calculation as
well as to capture the significant dynamics of the universe. This equation also satisfies
the equation obtained by varying the action with respect to n, δS/δn = 0, and can be
expressed in terms of X as
(α4 − 3αΛ)X3 − 3 (α3 + α4)X2 + 3 (1 + 2α3 + α4)X − (3 + 3α3 + α4) = 0. (2.31)
Solving this equation, one obtains the relation between φ and a as
λφ = c3a, (2.32)
where c3 is a constant depending on α3, α4 and αΛ. Since G+αΛX
3 = 0 is the third order
equation, c3 can take three values to satisfy this equation. There is a particular value of
αΛ such that α4 = 3αΛ which provides only two solutions of X. Substituting this relation
into the equation H −XHφ = 0, one obtains
n
N
= c3. (2.33)
This solution corresponds to r = 1. Note that all solutions with X is constant in normal
branch provide the constraint of r = 1. As we have mentioned before, from eqs. (2.16)
and (2.17), one can see that the constraint of r = 1 provides the relation Pg = −ρg =
constant, corresponding to an accelerated expansion of the universe. This solution provides
the same behavior like the solutions in self-accelerating branch. However, the solutions are
different since the constant c3 is not generally equal to X±. Moreover, the dynamics of the
scalar field φ in both branches are different. In order to find the dynamics of the scalar field
in normal branch for this solution, one can substitute relations in eq. (2.32) and eq. (2.33)
into eq. (2.16). As a result, the equation for the scalar field can be written as
φ˙2 =
cnφ
2f2
1 + cnφ2
, (2.34)
where
cn =
ρg
3M2Plc
2
3
. (2.35)
Note that we considered this solution in the flat geometry where κ = 0 for simplicity.
This equation can be viewed as autonomous equation which has a fixed point at f = 0
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corresponding to the point φ2 = b. To obtain the full behavior of the scalar field, one can
solve eq. (2.34) and the solution can be expressed as
√
1 + cnb tanh
−1
√1 + cnφ2
1 + cnb
−√1− cnb tanh−1
√1 + cnφ2
1− cnb

=
2b
√
cn
l2
t+ C, (2.36)
where C is an integration constant determining the initial value of the field when initial
time is taken. From this expression, we found that φ2 → b as t → ∞. This is what
we expect from the analysis in the autonomous system. It is important to note that our
analysis for normal branch is only a particular class of the solutions in the branch. Other
solutions which may provide the result such that X = X(t) is much more complicated than
this solution and thus is not easy to study analytically. They may give some interesting
results and we leave this issue for further work.
3 Perturbations
To investigate the stability of the model, we expand the action perturbatively up to the
quadratic order. Here, the physical metric around which the action is expanded quadrati-
cally is expressed as follow,
gµν = g
(0)
µν + δgµν , (3.1)
where the g
(0)
µν is a flat FLRW metric and the perturbations are decomposed as
δg00 = −2N2Φ, (3.2a)
δg0i = N a(B
T
i + ∂iB), (3.2b)
δgij = a
2
[
hTTij +
1
2
(∂iE
T
j + ∂jE
T
i ) + 2δijΨ +
(
∂i∂j − 1
3
δij∂k∂
k
)
E
]
. (3.2c)
where Φ, B,Ψ, E are scalar parts, BTi , E
T
i are transverse vector parts, and h
TT
ij is a
transverse-traceless tensor part. We choose the unitary gauge in our analysis which corre-
sponds to setting piµ = 0. Thus the other perturbation comes from the DBI scalar field, δφ.
For simplicity, we choose to work in flat FLRW universe. In the following we will investigate
the stabilities of the perturbations in tensor, vector and scalar modes separately.
3.1 Tensor modes
For the tensor modes, we expand action in eq. (2.1) up to second order of hTTij . After
that we keep only the second order and then transform the perturbation variables to those
in the Fourier space. As a result, the second order of the action for the tensor modes in
Fourier space can be written as
S(2) =
M2Pl
8
ˆ
d3k dt a3N
(
|h˙TTij |2
N2
−
(
k2
a2
+M2GW
)
|hTTij |2
)
, (3.3)
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(b) X− solution.
Figure 1. Allowed regions in (α3, α4) space for the self-accelerating branch plotted by using three
conditions: M2GW > 0, ρg > 0 and X± > 0. The left panel corresponds to X+ solution and the right
panel corresponds to X− solution. The shaded region with horizontal-dashed-blue line correspond
to the condition M2GW > 0. The shaded region with vertical-dashed-black line corresponds to the
condition X± > 0. The grey region corresponds to the condition ρg > 0.
where
M2GW = m
2
gA, (3.4a)
A = X2
((
3
X
− 1− r
)
+ α3
((
3
X
− 2
)
− (2−X) r
)
+α4 (1−X)
(
1
X
− r
))
. (3.4b)
The kinetic term of the tensor mode always has the correct sign. Thus there is no ghost
in this mode. The absent of tachyonic instability is required by the condition M2GW =
m2gA > 0. For self-accelerating branch, this condition depends only on α3 and α4. We use
this condition together with ρg > 0 and X± > 0 in order to find compatible regions in
the (α3, α4) space. The allowed regions for both solutions are shown in figure 1. The left
panel corresponds to X+ solution and the right panel corresponds to X− solution. The
shaded region with horizontal-dashed-blue line correspond to the condition M2GW > 0. The
shaded region with vertical-dashed-black line corresponds to the condition X± > 0. The
grey region corresponds to the condition ρg > 0. For the condition M
2
GW > 0, it is found
that the region will exist if r > 1 for X+ solution and r < 1 for X− solution. For r = 1, it
corresponds to M2GW = 0 which is reduced to massless gravity theory. Since the solutions
in this branch are not governed by the DBI-scalar field, the region are the same with dRGT
massive gravity with FLRW fiducial metric [13].
For the normal branch, we choose the particular class of the solutions which discuss
in the previous section. These solutions depend on three parameters, α3, α4 and αΛ. For
simplicity, we also restrict our attention only in the case αΛ = α4/3. This restriction
provides two solutions by solving eq. (2.31). As a result, the allowed region which satisfies
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(a) X− solution with condition M2GW > 0.
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(b) X− solution with condition
M2GW
H2
> 2.
Figure 2. Allowed region in (α3, α4) space for normal branch plotted by using three conditions,
M2GW > 0, ρg > 0 and X− > 0 for the left panel and M
2
GW/H
2 > 2, ρg > 0 and X− > 0 for the right
panel. The shaded region with horizontal-dashed-blue line correspond to the condition M2GW > 0 in
the left panel and M2GW/H
2 > 2 for the right panel. The shaded region with vertical-dashed-black
line corresponds to the condition X± > 0. The grey region corresponds to the condition ρg > 0.
the condition M2GW > 0, ρg > 0 and X− > 0 is shown in figure 2(a). Note that there is
no allowed region to satisfy the condition ρg > 0 for the solution X+. Surprisingly, the
graviton mass for these solutions coincides with the effective mass investigated by using
de Sitter and FLRW fiducial metric in dRGT massive gravity [10]. This effective mass is
constrained by Higuchi bound as M2GW > 2H
2. We use this condition together with ρg > 0
and X− > 0 to find the allowed region. The result is shown in figure 2(b). At this point,
one can see that we can find the viable model by specifying the parameters α3 and α4 in
both branches. However, by investigating the perturbation in vector and scalar mode, it
is found that the theory is suffered from ghost instability. We explore this behavior in the
next two subsections.
3.2 Vector modes
For vector modes, we follow the calculation step as performed in tensor modes. As a result,
the second order action in Fourier space can be written as
S(2) =
M2Pl
2
ˆ
d3k dt a3N
{
k2
8N2
|E˙Ti |2 −
k2
2Na
BTi E˙
T
i −
k2
4
(
2H˙
N
+ 3H2
)
|ETi |2
+
(
k2
2a2
+ 3H2
)
|BTi |2 −
k2
4
(
Pg
M2Pl
+
1
2
M2GW
)
|ETi |2
−
(
ρg
M2Pl
+
m2gXF
′
(1 + r)
)
|BTi |2
}
. (3.5)
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From this action, one can see that BTi is non-dynamical. Thus we can algebraically solve
it and then substitute its solution back to the action. As a result, the action becomes
S(2) =
M2Pl
8
ˆ
d3k dt a3N
{
− k
2m2ga
2XF ′
N2
(
k2(1 + r)− 2m2ga2XF ′
) |E˙Ti |2 − k22 M2GW|ETi |2
}
. (3.6)
It is found that, for self-accelerating branch; F ′ = 0, there are no propagating d.o.f in vector
modes. For the normal branch, it is ghost free if m2gF
′ < 0. In the case of m2gF ′ > 0, the
propagating vector seems to suffer from ghost at small scale or large k when
k2 ≥ 2a
2XF ′
(1 + r)
m2g ∼ m2g. (3.7)
The sound speed of propagation can be written as
c2V = −
M2GW(1 + r)
2m2gXF
′ = −
A(1 + r)
2XF ′
. (3.8)
Thus, the condition to avoid gradient instability is
A
F ′
< 0. (3.9)
It can be summarized that the condition for avoiding the instabilities is that m2gA > 0,
A
F ′ <
0 or corresponding to m2gF
′ < 0.
3.3 Scalar modes
For scalar modes, the second order perturbations in Fourier space for Einstein-Hilbert can
be written as
S
(2)
EH =
M2Pl
2
ˆ
d3k dt a3N
{
k4E˙2
6N2
− 6Ψ˙
2
N2
− 2k
4BE˙
3aN
+ Ψ˙
(
12HΦ
N
− 4k
2B
aN
)
+ E2
(
k6
18a2
− k
4
3
(
2H˙
N
+ 3H2
))
+ Ψ2
(
2k2
a2
+ 3
(
2H˙
N
+ 3H2
))
+ 3k2H2B2 − 9H2Φ2 + 2k
4ΨE
3a2
+ Φ
(
4k2HB
a
+ Ψ
(
4k2
a2
+ 18H2
)
+
2k4E
3a2
)}
.
(3.10a)
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For dRGT and DBI parts, the action can be expressed as
S
(2)
dRGT + S
(2)
DBI =
M2Plm
2
g
2
ˆ
d3k dt a3N
{
3
(
G+ αΛX
3
Nn3
)
˙δφ
2 − 6φHφF
′
Nf
˙δφΨ− 3J,φ
a3N
δφ2
− k
2
a2NnX
((
G′+3αΛX2
)− (f +NnX)F ′
fX(1 + r)
)
δφ2− k
4
3
(
Pg
M2Plm
2
g
+
A
2
)
E2
+ 3
(
Pg
M2Plm
2
g
+ 2A
)
Ψ2 + k2
(
Pg
M2Plm
2
g
− n
2F ′
N2X(1 + r)
)
B2 +
ρg
M2Plm
2
g
Φ2
+ 3
(
f ′(f2 + φ˙2)F ′
Nnf2
− 4A
φ
)
δφΨ +
2k2nHφF
′
Nλf(1 + r)
δφB +
6λF ′
a
δφΦ
+ 18
(
F − XF
′
3
)
ΦΨ
}
. (3.10b)
From the action in (3.10a) and (3.10b), B and Φ are non-dynamical. We can use their
equations of motion to eliminate them from the action. These constraints comes from the
energy and scalar part of the momentum conservation. Now we have three variables δφ,E
and Ψ. One of them is a scalar degree of freedom for the massive graviton, the others
are BD scalar and DBI scalar. However, we found that the kinetic term of Ψ will vanish
by imposing the background equation (2.16) and (2.17). Therefore, the scalar Ψ can be
interpreted as the BD scalar since it must be eliminated by construction of the theory. We
can eliminate it from the action by following the previous procedures. Note that the full
lagrangian before integrating out Ψ is quite lengthy and then we left in the appendix A,
eq. (A.1). Generally, we have the scalar mode action of the form
S =
ˆ
d3kdt
(
KIJ χ˙
I χ˙J +MIJ χ˙
IχJ + PIJχ
IχJ
)
, (3.11)
where χ1 = δφ and χ2 = E. The KIJ ,MIJ and PIJ each are elements of corresponding
2× 2 matrices associated to each combinations of the remaining propagating d.o.f.
For the self-accelerating branch, we have F ′ = 0 = H˙. It turns out that according to
this branch, there is no propagating scalar d.o.f in gravity sector; only propagating scalar
is obviously the DBI scalar. The scalar mode action for the self-accelerating branch is
specified with the matrix KIJ as follows,
K
(s)
11 =
3M2Plm
2
ga
3
(
G+ αΛX
3
)
2n3
, K
(s)
12 = K
(s)
22 = 0, det (K
(s)
IJ ) = 0. (3.12)
which the only nonvanishing matrix element is K11 corresponding to the DBI scalar δφ
as claimed.
For the normal branch, we consider the case which satisfies the condition we considered
previously,
G+ αΛX
3 = 0, r = 1. (3.13)
Even though this equation is not independent to the other equations of motion, we still use
this equation in order to simplify the second order action. By imposing this background
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equation of motion, it seems like that the DBI-scalar d.o.f does not propagate. However,
substituting back the solution of Ψ, one obtains
K
(n)
11 = −
9M2Plm
2
gaλ
2V 2F ′2
NH2W
,
K
(n)
12 =
3M2Plk
4λV F ′2
NH2UW
,
K
(n)
22 = M
2
Pl
(
k4a3F ′
4NU
− k
8F ′2
m2gaNH
2U2W
)
,
det (K
(n)
IJ ) = −
9M4Plm
2
gk
4a4λ2V 2F ′3
4N2H2UW
, (3.14)
where
U =
(
3F ′ − 4k
2
m2ga
2X
)
, V =
(
1 +
a2H2
λ2f
)
,
W =
(
12A+ 2
(
2k4
m2ga
4H2U
+ 9X
)
F ′ +
3m2gX
2F ′2
H2
)
. (3.15)
It is found that, for the particular class of the solutions in normal branch, the d.o.f of
the theory is still correct. At small scale, U ∝ −1/m2g and then W ∝ −F ′ where the
proportional constant is positive. Substituting these results into K
(n)
11 , it is found that
K
(n)
11 ∝ m2gF ′ where the proportional constant is positive. This leads to the condition to
avoid ghost such that m2gF
′ > 0. This condition is in conflict with the condition from
the vector mode in which m2gF
′ < 0. As a result, the ghost degree of freedom always
exist in this branch at small scale (either in vector modes or in one of scalar modes).
For the other mode of scalar perturbations, one can find the result by substituting U
and W at small scale into det (K
(n)
IJ ) . As a result, we found that det (K
(n)
IJ ) is always
negative implying that, at least, one of scalar mode is always ghost. It is important to note
that the leading term of K
(n)
11 is proportional to k
−2 leading to K(n)11 → 0 when we take
k →∞. This behavior occurs only in the particular solutions we choose to consider since
the leading term, corresponding to k0, is proportional to G+αΛX
3. This suggests that the
contributions from linear perturbations are very small. Therefore non-linear perturbations
may have nontrivial contributions and the conclusion of our results may change when
non-linear perturbations are taken into account.
4 Conclusion
In this work, we have considered the extended DBI massive gravity by generalizing the
fiducial metric. In the original version of DBI massive gravity, the fiducial metric is in
Minkowski form. It was found that the flat and closed solutions for FLRW metric are
not admitted. Moreover, the number of degrees of freedom of the massive graviton is not
correct. The flat Minkowski fiducial metric in DBI massive gravity plays the role of the
induced metric on the brane. In the present work, we generalize the fiducial metric by
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considering the induced metric corresponding to a domain wall moving in five-dimensional
Schwarzschild-AdS spacetime.
From background equations, we found that the solutions not only admit open geometry
of FLRW metric but also flat and closed geometry. Moreover, the solutions can be divided
into two branches; self-accelerating branch and normal branch. For self-accelerating branch,
the graviton mass plays the role of cosmological constant to drive the late-time acceleration
of the universe. We found that the Hubble parameter H is always constant and does
not depend on function f which characterizes the form of the fiducial metric. Therefore,
the dynamics of the universe are not controlled by the property of the fiducial metric.
Furthermore, the DBI scalar field has no contribution to the solutions in this branch. This
is not so surprising since such contribution to the gravity sector must be introduced by
the minimal coupling between the scalar and the massive graviton like in the mass-varying
massive gravity and quasi-dilaton massive gravity. In order to investigate the number of
degrees of freedom of the theory, we performed cosmological perturbations around this
background solutions. From the tensor modes, we have explored the conditions to avoid
the tachyonic instability, M2GW > 0, while the ghost and gradient instabilities are absent.
By using this condition together with consistent conditions, ρg > 0 and X± > 0, we found
that there are allowed regions in (α3, α4) space in both X+ and X− solutions as shown
in figure 1. By including the investigation of vector and scalar modes, we found that the
number of degrees of of freedom is not correct. There are only two degrees of freedom
for gravity sector contributed from tensor modes while the contribution from vector and
scalar modes vanish. This inconsistency is similar to the dRGT massive gravity and DBI
massive gravity.
For the solutions in normal branch, the equations of motion are complicated and it
is not easy to obtain the analytical solutions. Therefore, the solutions in this branch are
quite lack of investigation in literature. This is not only due to complicated equations
but also the solutions do not provide an accelerated expansion of the universe. In the
present work, we restrict our attention to a particular class of the solution in order to
simplify the calculation and also to capture some significant behaviors of the solutions. A
characteristic constraint of this class of the solutions is r = n/(NX) = 1. We found that
this class of the solutions also provides the accelerating expansion of the universe like in
self-accelerating branch inferred from the definition of effective energy density ρg and the
effective pressure Pg in eqs. (2.16) and (2.17) respectively. Even though the solutions in
this class provide the same accelerated expansion of the universe like the solutions in self-
accelerating branch, these solutions are different since the solutions in this branch depend
on the effect of DBI scalar field via the coupling αΛ. By setting the coupling αΛ = α4/3 to
simplify the solutions, the allowed regions plotted by using conditions ρg > 0, X− > 0 and
M2GW > 0 are explored. Moreover, we also found that the graviton mass in this branch
coincides with the effective mass investigated by using de Sitter and FLRW fiducial metric
in dRGT massive gravity [10]. This effective mass is constrained by Higuchi bound as
M2GW > 2H
2. We use this condition together with ρg > 0 and X− > 0 to find the allowed
region in (α3, α4) space shown in figure 2. By using the investigation of the perturbation
in vector and scalar modes, we found that the number of degrees of freedom is correct.
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However, at small scale with k2 & m2g, the conditions to avoid ghost instability from vector
modes and scalar modes are in conflict implying that there exists at least one ghost degree
of freedom. This investigation suggests that the extended model of DBI massive gravity in
this way dose not provide a viable cosmological model to explain the late-time acceleration
of the universe. In order to obtain a viable extended model of DBI massive gravity, one may
introduce the coupling term similar to one in the generalized quasidilaton massive gravity
or introduce the nontrivial coupling matter fields like in original dRGT massive gravity.
Acknowledgments
The authors are grateful to Shinji Mukohyama and Antonio De Felice for an initiation
of this work, helpful conversations and comments regarding to the manuscript. Pitayuth
Wongjun and Lunchakorn Tannukij are supported by Thailand Toray Science Foundation
(TTSF) from science and technology research grant.
A Full quadratic scalar mode action
The full quadratic scalar mode action, after imposing the background equations of mo-
tion (2.16), (2.17), is
S(2) = M2Pl
ˆ
d3k dta3N
{
3m2g
2
(
G+ αΛX
3
Nn3
)
˙δφ
2
+
k4F ′
4N2U
E˙2 +
k4rF ′
a2NHU
ΨE˙
− 3m
2
gλV F
′
aNH
˙δφΨ− k
4(λ2f(1 + r) + a2rXHHφ)F
′
a3NλfXHU
δφE˙
+
k4
18
(
k2
2a2
− M
2
GW
4
+
k4r2F ′
2a4H2U
− k
4
(
(1 + r)φU˙ +
(
(1 + r)φ˙− φr˙)U)
m2ga
4NφXHU2
)
E2
− m
2
g
2
[
k2(G′ + 3αΛX2)
a2N2rX2
+
3J,φ
a3N
− F
′
2a2N2
(
2k2(f +N2rX2)
fr(1 + r)X3
+
9m2gN
2λ2F ′2
H2U
+
6k2N2φrH
(
2λ2f(1 + r) + a2rXHHφ
)
F ′
λ2f2H(1 + r)U
)]
δφ2 +
m2gW
4
Ψ2
+
k4(2k2rHHφ + 3m
2
gλ
2fF ′)F ′
6a3λfH2U
δφE − k
4r(2k2 +m2ga
2XU)F ′
6a4H2U
ΨE
−
[
6
M2GW
φ
+
(
6m2gλ
a
− 2k
4φrH
a3λfHU
− 3m
2
gf
′(f2 +N2φ2X2r2H2φ)
2N2f2rX
)
F ′
− 3m
2
gλX
a
(
1− XrHφ
H
)
F ′′ − 3m
2
g
(
λ2f(2k
2
a2
+m2g(1− r)U)− 2k2XrHHφ
)
F ′2
2aλfH2U
+
9m4gλXF
′3
2aH2U
]
δφΨ
}
. (A.1)
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By solving Ψ and then substituting back into the action, the components of the kinetic
terms matrix can be written as
K11 = −
9M2Plm
2
gaλ
2V 2F ′2
NH2W
+
3M2Plm
2
ga
3
(
G+ αΛX
3
)
2n3
,
K12 =
3M2Plk
4λrV F ′2
NH2UW
, (A.2)
K22 = M
2
Pl
(
k4a3F ′
4NU
− k
8r2F ′2
m2gaNH
2U2W
)
,
detKIJ = −
9M2Plm
2
gk
4a4λ2V 2F ′3
4N2H2UW
, (A.3)
where
U =
(
3F ′ − 2k
2
m2ga
2
(1 + r)
X
)
, V =
(
1 +
aHφHφ
λf
)
,
W =
(
12A+2
(
2k4r2
m2ga
4H2U
+6X+
3X2rHφ
H
)
F ′+
3m2gX
2rF ′2
H2
−6X2
(
1−XrHφ
H
)
F ′′
)
.
(A.4)
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